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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


THE TWENTY-SECOND SUMMER MEETING OF 
THE AMERICAN MATHEMATICAL SOCIETY. 


THE twenty-second summer meeting of the Society was 
held at the University of California on Tuesday, and at Stan- 
ford University on Wednesday, August 3-4, 1915, in connec- 
tion with the Panama-Pacific International Exposition. The 
following thirty-four members of the Society were in attend- 
ance upon the two sessions: 

Professor R. E. Allardice, Dr. Nathan Altshiller, Dr. 
Charlotte C. Barnum, Dr. A. A. Bennett, Dr. B. A. Bernstein, 
Professor H. F. Blichfeldt, Professor C. E. Brooks, Dr. 
Thomas Buck, Professor E. F. A. Carey, Professor E. E. De 
Cou, Dr. H. B. Curtis, Professor G. C. Edwards, Dr. Elizabeth 
B. Grennan, Professor F. L. Griffin, Professor F. W. Hana- 
walt, Professor Charles Haseman, Professor M. W. Haskell, 
Professor E. R. Hedrick, Professor L. M. Hoskins, Dr. Frank 
Irwin, Professor C. J. Keyser, Professor D. N. Lehmer, Profes- 
sor J. H. McDonald, Professor W. A. Manning, Professor H. 
C. Moreno, Professor R. E. Moritz, Professor L. I. Neikirk, 
Professor C. A. Noble, Professor E. W. Ponzer, Mr. F. D. 
Posey, Professor T. M. Putnam, Professor H. W. Stager, Pro- 
fessor H. W. Tyler, Professor S. E. Urner. 

Professor M. W. Haskell, chairman of the San Francisco 
Section, presided at the session on Tuesday afternoon, and 
Professor R. E. Allardice at that on Wednesday afternoon. 

Tuesday morning was devoted to a joint session with the 
American Astronomical Society and Section A of the American 
Association for the Advancement of Science. Addresses were 
delivered by Professors C. J. Keyser on “The human signi- 
ficance of mathematics,” and G. E. Hale on “The work of a 
modern observatory.” The astronomers, mathematicians, 
and physicists lunched at the Faculty Club as guests of Pro- 
fessors Leuschner, Haskell, and E. P. Lewis. 
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The social programme included a dinner with the American 
Astronomical Society at the Hotel Oakland on Wednesday 
evening, an excursion to the Lick Observatory on Friday, and 
a luncheon given by Mrs. Phoebe Hearst at the Hacienda del 
Pozo de Verona on Saturday. 

The following papers were presented at this meeting: 

(1) Professor L. E. Dickson: “Invariantive classification 
of pairs of conics modulo 2.” 

(2) Professor C. J. DE LA VALLEE Poussin: “Sur l’intégrale 
de Lebesgue.” 

(3) Mr. A. R. Scnwerrzer: “On the solution of a class of 
functional equations.” 

(4) Dr. NarHan ALtTsHILteR: “On the circles of Apol- 
lonius.” 

(5) Dr. Dunnam Jackson: “Proof of a theorem of Has- 
kins.” 

(6) Dr. W. W. KisterMann: “Fourier constants of func- 
tions of two variables.” 

(7) Dr. B. A. Bernstern: “A set of four independent 
postulates for Boolean algebras.” 

(8) Professor G. A. Mitier: “Limits of the degree of 
transitivity of substitution groups.” 

(9) Professor R. D. CarmicHaE.: “On the representation 
of numbers in the form 2? + ¥° + 2 — 3zyz.” 

(10) Professor H. S. Wurre: “Seven points on a gauche 
cubic curve.” 

(11) Professor M. W. Haske: “The del Pezzo quintic 
curve.” 

(12) Professor L. J. Ricnarpson: “A phase of Roman 
mathematics.” 

(13) Dr. C. A. Fiscuer: “Functions of surfaces with 
exceptional points or curves.” 

(14) Mr. A. R. Wriutams: “On a birational transforma- 
tion connected with a pencil of cubics.” 

(15) Professor F. N. Cote: “Note on the triad systems in 
15 letters.” 

(16) Professor A. B. Coste: “The determination of the 
lines on a cubic surface.” 

(17) Mr. H. S. Vanprver: “An aspect of the linear con- 
gruence, with applications to the theory of Fermat’s quotient.” 

(18) Dr. C. H. Forsyts: “An interpolation formula based 
upon central and multiple differences.” 
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(19) Dr. G. M. Green: “On isothermally conjugate nets 
of space curves.” 

(20) Professor L. P. E1rsennart: “Surfaces of rolling and 
transformations of Ribaucour.” 

(21) Mr. A. R. Scuwerrzer: “Generalized quasi-transitive 
functional relations.” 

(22) Professor L. M. Hoskins: “‘Quantity of matter’ in 
dynamics.” 

(23) Dr. A. A. Bennett: “The iteration of functions of one 
variable.” 

Professor Richardson was introduced by Professor Haskell 
and Mr. Williams by Professor Lehmer. Professor de la 
Vallée Poussin’s paper was communicated to the Society 
through Professor Birkhoff. Professor White’s paper was 
read by Professor Haskell. The papers by Professor Dick- 
son, Professor de la Vallée Poussin, Mr. Schweitzer, Dr. 
Jackson, Dr. Kiistermann, Professor Miller, Professor Car- 
michael, Dr. Fischer, Professor Cole, Professor Coble, Mr. 
Vandiver, Dr. Forsyth, Dr. Green, and Professor Eisenhart 
were read by title. 


Abstracts of the papers, including Professor Keyser’s address, 
follow below. The abstracts are numbered to correspond to 
the papers in the list above. 


In Professor Keyser’s address the treatment, conducted in 
the spirit appropriate to an international exposition, aims at 
being interesting and intelligible to the general educated 
public. A sketch of the manner in which a historian of 
mathematics might hope to vindicate the science is followed 
by a more elaborate exposition of the task of attaining the 
same end through an account of the present state of the 
science. The claims of mathematics to human regard as 
based on its applications in a wide range of other sciences 
and arts are next dealt with. This matter is followed by a 
characterization of the modern critical movement of the 
science and of the resulting conception of the distinctive 
character of mathematics, especially in its relation to modern 
developments in logic. The chief emphasis of the address 
falls on the bearings of the science as distinguished from its 
applications—upon the significance of mathematics for man 
regarded as finding his supreme interest in seeking permanent 
values in an inpermanent world. 
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1. With a conic F modulo 2 is associated covariantively a 
point A, called its apex, and a unique line L, and conversely 
A and L uniquely determine F (Madison Colloquium Lec- 
tures, 1914, page 69). Hence the projective classification 
of pairs of conics F and F’ is equivalent to that of the systems 
A, L, A’, L’ of two points and two lines and the degenerate 
systems in which one or more of the four elements are absent. 
A simple geometrical discussion of such systems leads Pro- 
fessor Dickson to the theorem: Two pairs of conics modulo 2 
are projectively equivalent if and only if they have the same 
properties as regards existence of apices and covariant lines, 
distinctness of apices and lines, and incidence of apices and 
lines. These properties are expressed analytically by very 
simple modular invariants, which therefore form a funda- 
mental system of modular invariants of two conics. 


2. Professor de la Vallée Poussin’s paper, which reproduces 
a part of his recent course of lectures at Harvard University, 
will appear in the Transactions. 


3. The object of Mr. Schweitzer’s paper is to discuss the 
solution of the equations 


te, 2), Aof(h, to, tr, 22), 
(h, te, th, In41)} = uf 


where n = 1, 2, 3, ete.; the subscripts ---, are 
distinct and range respectively over the values 1, 2, ---, 
n+ 1; A; and yw denote functions of a single variable. The 
(n + 1)! functional equations thus defined may be put into 
(1, 1) relation with the substitutions on n + 1 symbols and 
therefore conveniently denoted by the notation 


23 


For n = 1 the equations have been completely discussed by 
the author in previous articles. For n > 1 the special instance 
of identity of some or all of the functions \,(x), u(x) is con- 
sidered. In the simplest case, namely, when n = 2 and the 
functions \,(x), w(x) are all identical and equal to z, the 
following theorems on the equations 


Fy 
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1. E{(1) (2) a: implies the existence of ¥(x) such that 
S(a1, = — + Oly — where 
is is arbitrary. 

2. E{(1) (23)} implies x2, 23) = 2(a1) + 
+ 

3. E{(2) (13)} implies f(a1, x2, xs) — (a2) 

4. E{(3) (12)} implies f(a, 22, 23) = — ¥(22)] 
+ — ¥(a1)]}, = O(— 2). 

5. E{(123)} Xe, t3)= (21) +ep (22) +e (zs)}, 
wherel+c+2 

6. E{(132)} implies fi Xe, X3) =P" {ep + (zs) }, 
where 1 +c+c?=0. 


Solutions 2-4 are special cases of the Solution 1. 


4. In his contribution to the modern geometry of the tri- 
angle Dr. Altshiller, starting with the usual definition of the 
circles of Apollonius connected with a triangle, derives, in a 
purely synthetic way, a series of properties, partly known, 
involving the Lemoine point, the symmedian lines, the Brocard 
diameter, etc., and leads up to the theorem: The center of 
any one Apollonian circle is a center of similitude of the two 
other circles of Apollonius, the second center of similitude 
being the pole of the Brocard diameter with respect to the 
first circle. This paper will appear in the American Mathe- 
matical Monthly. 


5. It is a theorem due to Haskins that if f and ¢ are two 
bounded functions such that the definite integral of f* over 
an interval is equal to that of ¢” for all positive integral values 
of n, the set of points where a < f <8 and the set where 
a < ¢ <8 have the same measure, for any pair of numbers 
a, 6. Dr. Jackson gives a short proof of this theorem, based 
on a polynomial approximation and Lebesgue’s theorem on the 
integration of a uniformly bounded sequence. The result is 
of particular interest in the case where the functions are mono- 
tone. 


6. In volume 57 of the Mathematische Annalen A. Hurwitz 
has shown how to express the product of two ordinary Fourier 


4 
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series in form of another Fourier series, or, stated differently, 
how to compute the Fourier constants of the product of two 
functions from those of the functions themselves. Dr. 
Kiistermann solves the analogous problem for double Fourier 
series. The solution depends vitally upon the proof of the 
relation 


where (a, b, c, d),, are the Fourier constants of f(x, y) pre- 
sumed to be bounded and integrable in the Riemann sense. 
The analogue of this relation for functions of a single variable 
is due to Parseval and was proved by him under certain re- 
strictions on the nature of convergence of the Fourier series 
involved. In 1893 de la Vallée Poussin gave a proof requiring 
merely that the function and its square be integrable. Hur- 
witz, in 1903, again called attention to the wide scope of the 
theorem, gave a new proof, and applied it to the problem 
mentioned. More recently the formula has gained in general 
interest through the researches of Riesz and Fischer (Riesz- 
Fischer theorem). In the present paper the proof is estab- 
lished by means of Poisson’s double integral. 


7. The most economical set of postulates for the logic of 
classes is that presented by H. M. Sheffer in the Transactions 
of October, 1913. Using as basis the operation of “rejection,” 
which Dr. Sheffer used, Dr. Bernstein obtains a set of four 
postulates from which the former’s set of five can be deduced. 
The paper will appear in the Transactions. 


8. The main theorem established by Professor Miller in the 
present paper is as follows: A substitution group of degree 
n = kp +r, where p: is a prime number and r and k are posi- 
tive integers such that p > k and r > k, cannot be more 
than r times transitive unless either this group includes the 
alternating group of degree n ork = 1 andr = 2. By means 
of this theorem it can easily be proved that a group which 
does not include the alternating group of its degree cannot 
be as much as 15-fold transitive unless its degree exceeds 
1,000. It is also proved that whenever n > 12 the theorem 
will always give a smaller upper limit for the degree of transi- 
tivity of a substitution group which does not include the 
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alternating group of its degree than the limit obtained by 
using the well-known formula 4n+ 1. The present paper 
is an extension of results obtained by the same writer in an 
article published in the BuLLEeTIN, volume 4 (1898), page 
140, and it aims to replace the formula $n + 1 for the upper 
limit of the degree of transitivity of the groups in question 
by a theorem which gives at least as low limits when n > 7, 
and gives always a lower limit when n > 12. 


9. Among the theorems presented by Professor Carmichael 
in this note are the following: Every prime number other 
than 3 can be represented in one way and in only one way in 
the form 2* + y* + 2 — 3zyz, where 2, y, z are non-negative 
integers; primes of the form 6n+ 1 have one additional 
representation in which at least one of the integers 2, y, z 
is negative. 


10. In previous theories seven points on a twisted cubic 
curve have been studied only in combinations that were 
symmetric; and the only theorem known, beyond what may 
be considered as definition of the curve, states that the 35 
points where the seven osculating planes meet must lie on a 
surface of order five. Professor White examines sets of seven 
derived points corresponding to a triad system on seven 
elements, and finds them to lie upon a second cubic curve, 
one of thirty determined by the first seven points. Analytic 
proofs are given. 


11. Professor Haskell’s paper contains the following items: 
Reduction of the Hessian of the plane quintic with five 
cusps, showing that the five cusps and five inflexions lie on a 
cubic, and that the inflexions are rational in terms of the cusps. 
Determination of a conic with regard to which the quintic is 
self-dual, of a Cremona transformation of the quintic into 
itself, and of sets of conics and cubics connected with the cusps 
and inflexions. 


12. Professor Richardson’s paper gives a practical illustra- 
tion of manual multiplication as practised by the Romans, 
together with a brief historical survey of this system of 
reckoning. 


13. In a paper published in the July, 1914, number of the 
American Journal of Mathematics, Dr. Fischer has given a 


pe 
‘Shee 
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definition of the derivative of a function of a surface analogous 
to Volterra’s definition of the derivative of a function of a 
line, and has proved that if the derivative is continuous and 
approached uniformly, the first variation of the function is 
equal to the double integral of the derivative multiplied by 
the first variation of the dependent variable. In the present 
paper this theory is extended to the case where there are 
points or curves where the derivative does not exist. The 
theory of exceptional points is used in finding the second 
variation of a function of a double integral, and the theory 
of exceptional curves is applied to the variable boundary 
problem in the calculus of variations. 


14. The theorem that all the cubics through eight points 
pass through a ninth, suggests the following transformation 
which is evidently birational: Fix seven of the eight points, 
and make correspond to a variable eighth the ninth point 
through which all the cubics pass. 

Dr. Hart (see Cambridge and Dublin Mathematical Journal 
volume 6, page 181) has given a synthetic construction for 
the ninth point determined by eight given points. By an 
analytic treatment of this construction Mr. Williams has 
found the following relation between the coordinates, 2’, y’, 2’, 
of 9 and the coordinates of 8: x’ = CiC2Ki; y’ = C.C3Ke; 
2’ = (;C.K3, where the C’s are cubic functions and the K’s 
are quadratic. These equations define a Cremona transforma- 
tion. 

In the above transformation there are infinitely many 
invariant points, all of which lie ona sextic curve of deficiency 
three, having double points at each of the seven fixed points. 
At each of these double points the tangents to the sextic 
coincide with the tangents to the nodal cubic having the 
same doubie point and passing through the other six fixed 
points. The sextic also meets the line determined by any 
two of these seven points in the points where this line meets 
the conic determined by the other five. From this follows 
the remarkable theorem concerning seven arbitrary points in 
the plane: if the line joining any two of them be cut by the 
conic determined by the other five, the forty-two points thus 
obtained lie on a sextic. This sextic satisfies seventy-seven 
conditions, almost three times the number necessary to 
determine it. 


1 
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By introducing relations among the seven given points 
there result other types of Cremona transformations with 
their corresponding invariant curves. Thus if three of the 
seven points are on a line, we have a transformation of the 
seventh degree with an invariant quintic curve. And this 
quintic satisfies fifty-three conditions. Similarly, if six of 
the seven points lie on a conic, there results a quartic trans- 
formation with an invariant quartic curve fulfilling forty- 
seven conditions. If six points are on a conic and at the same 
time three are on a line, a cubic transformation results with 
an invariant cubic curve fulfilling twenty-nine conditions. 
If six points are on a conic and if at the same time three are 
on one straight line and three on another, the transformation 
is quadratic, and the invariant curve is a conic which fulfills 
sixteen conditions. This quadratic transformation is of a 
type of which inversion vith respect to the unit circle is a 
special case. 


15. Professor Cole has found, by detailed examination 
of the various cases, that every triad system in 15 letters, 
with a single exception, presents an interlacing, (xab)(zxed), 
(yac) (ybd), the exceptional case being one of Heffter’s systems. 
It is also found that every triad system in 15 letters presents 
either a hexad, (xab)(xed)(xef), (yac)(yde)(ybf), or triple 
tetrads, (cab) (zed) (xef)(egh)(aig) (kl), (yac)(ybd)(yeg) (fh) 
(ytk) (yjl). 


16. In earlier reports Professor Coble has discussed the 
Cremona group G¢,2 in 2, of order 51840 determined by a 
P (six points ina plane). It is the purpose of this paper to 
show that G52 furnishes the direct algebraic connection 
between the cubic surface C*, mapped on the plane by cubic 
curves on P,?, and the collineation groups which arise in the 
trisection of the theta functions of genus 2. This connection 
is made by the use of irrational invariants of C* which are 
associated with the separation of the lines of the surface. 
The discriminant of C* consists of 36 irrational factors corre- 
sponding to the 36 double sixes of C*. By forming products 
of 9 such factors properly selected, a set of 40 irrational 
“complex invariants” is obtained. These determine in 2,4 
a set of 40 quintic spreads conjugate under G,2._ The spreads 
however lie in a linear system of dimension 9 and one can 


3 
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choose a linearly independent set, Xo,.---, Xs; Uo, ---, Us, 
with the striking property developed below. 

On the other hand Klein had discovered and Burkhardt 
had developed a collineation group in S, with variables Yo, 
--+, Ys of order 25920. If to this group there be added the 
correlations which transform it into itself there is obtained a 
mixed group gsis0 in the contragredient variables Yo, ---, 
Y.; Vo, ---, Vs, which is isomorphic with G,2 and which has 
the following property: The variables Y, V are transformed 
under gsiss9 precisely as the irrational invariants X, U 
above are transformed under G¢,2. 

This property leads to the rational determination of the 
lines of a cubic surface (after the adjunction of the square 
root of its discriminant) in terms of the solution of the form 
problem of Burkhardt’s group without passing beyond the 
domain of the irrational invariants of the given surface. 
The methods hitherto suggested for this purpose required 
the introduction of an equation of degree 27 (or a resolvent of 
some other degree), i. e., the introduction of a binary field 
necessarily extraneous to the surface itself. 


17. In 1903, Professor G. D. Birkhoff communicated to 
Mr. Vandiver the following theorem: 

If p is a prime integer and a is a positive integer prime to p, 
then there is at least one aud not more than two sets (x, y) 
such that 

a = + 2/y (mod. p), 


where x and y are integers prime to each other and 0 < z 
< Vp, O<y< Vp. 

In the present paper a proof of this theorem is given, 
involving a continued fraction algorithm for the direct deter- 
mination of each set. It is also shown that the fact that there 
exists at least one set (2, y) follows from a theorem due to 
Minkowski. The least positive residues of the integers 


modulo p* are termed proper residues modulo p*. By an 
extension of the result mentioned above the following theorem 
is derived: 

There are not more than 


p — 3(1+ V2p— 5) 
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and not less than [Vp] incongruent proper residues modulo 
p’, if p is a prime > 2. 

Applications to problems in connection with Fermat’s last 
theorem are then discussed. 


18. The accuracy of an interpolation based upon finite 
differences is increased as the values of the independent vari- 
able occurring in the differences approach the value of the 
independent variable of the ordinate which is interpolated. 
Dr. Forsyth has derived an interpolation formula wherein 
these values are identical. 

Furthermore, instead of the usual averaging of differences 
(i. e., use of first differences) to supply differences which are 
missing (as always happens in central differences), differences 
are used whose orders are in keeping with the order of the 
interpolation formula itself. 


19. In Dr. Green’s note is given a new geometric interpreta- 
tion of Bianchi’s condition for isothermally conjugate nets 
of curves on a surface. It will appear in the Proceedings of 
the National Academy of Sciences. 


20. In a note published in volume 23 of the Rendiconti dei 
Tincei Bianchi has defined as a surface of rolling the surface 
described by a point invariably fixed with respect to a surface 
So as the latter rolls over an applicable surface S, which Bianchi 
calls the surface of support. He shows that, given any surface 
2, the problem of finding pairs of applicable surfaces So 
and S such that > is a surface of rolling as Sp rolls over S 
reduces to the integration of a partial differential equation 
of the second order and of a Riccati equation. Two surfaces 
are said to be in the relation of a transformation of Ribaucour 
when they constitute the envelope of a two-parameter family 
of spheres such that the lines of curvature correspond on the 
two surfaces, corresponding points being on the same sphere. 
Professor Eisenhart has shown that the necessary and sufficient 
condition that either surface of two so related be a surface of 
rolling with the locus of the centers of the spheres for surface 
of support is that the two surfaces be isothermic and in the 
relation of a so-called transformation D,,, discovered by 
Darboux. 


21. As a quasi-transitive functional relation in the most 
general sense, Mr. Schweitzer defines 


pe 
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filtr, te, th; 21), folts, be, tn, 22), 


where n = 1, 2, 3, ete. From this class of equations other 
classes are deduced, first, by the homologous transposition 
of the 2’s in the left hand member and, second, by substituting 
z’s for some or all of the ?#’s in the set of equations thus ob- 
tained (including the original class). For example, one 
obtains by homologous transposition of the z’s when n = 2 


th, te), fo(xe, th, te), fa(as, th, = W(x1, 22, 
Ot filtr, 21, te), felts, te), faltr, 2s, te)} = Le, Xs). 


Interesting problems are presented by systems of equations 
belonging to the same or different classes. 


22. The proposition that the accelerations of different 
bodies under the action of equal forces are inversely propor- 
tional to their masses is often asserted to be merely a definition 
of mass. The object of the paper by Professor Hoskins is to 
show that, in applying this proposition, our interpretation of 
it involves the notion of mass as a quantitative measure of the 
matter of which the bodies are composed. 

23. Dr. Bennett considers several topics connected with 
the iteration of functions of one variable. Matrices with an 
infinite number of elements are used to obtain a classification 
of the types of series which are to be distinguished with 
respect to the nature of their iteration. The different types 
are considered, with particular reference to questions of 
convergence. The iteration of functions of a real variable is 
also considered. The paper will appear in the Annals of 
Mathematics. Tuomas Buck, 

Acting Secretary. 


GROUPLESS TRIAD SYSTEMS ON FIFTEEN 
ELEMENTS. 


BY DR. LOUISE D. CUMMINGS AND PROFESSOR H. S. WHITE. 
(Read before the American Mathematical Society April 24, 1915.) 


From previous publications and a paper presented to this 
Society in October, 1914, 44 different triad systems on 15 
elements (A;;) are known. These 44 systems separate into 
two types 23: of the systems each contain one or more systems 
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on 7 elements and have been designated as headed systems, 
the remaining 21 contain no A; and have been designated as 
headless systems. The groups for the 44 systems have been 
obtained and range in order from 8!/2 down to 2. Hence 
for each of these systems there exists at least one substitution 
different from identity which transforms the system into itself. 

Systems whose group is identity or growpless systems on 15 
elements have not been known hitherto. No groupless 
systems exist for 7, 9, or 13 elements. In a paper published 
in the Transactions, January, 1915, one of us has proved 
the existence of millions of triad systems on 31 elements 
with the group identity. This raised the question concerning 
the existence of the groupless systems for 15 elements. About 
six months ago we began a Pigorous search for this type of Ais, 
and, while the investigation is at present far from completion, 
we have had the good fortune to discover systems of this new 
species. 

In the Transactions for January, 1913, Professor Cole dis- 
cussed triad systems on 13 elements, and pointed out the fact 
that two elements in a system may be connected by what he 
has termed an “interlacing”; for example the four triads a12, 
a34, b13, b24 occurring in a system form an interlacing of the 
elements a and b. Interlacing and some extensions of this 
idea have proved to be of fundamental importance in the 
formation of the groupless systems. 

All interlacings and the more extended forms of inter- 
connection of the elements, which we make use of, may be 
obtained by applying to the system under consideration 
what may be called a contracted form of sequences and indices. 
The Ai; is written ina 15 by7 array. Each element heads 
one column; below it are placed the 7 pairs of elements 
which with the element at the head occur in the triads of the 
system. Heretofore, sequences and indices have been formed 
from the 3 columns of a triad in any A;;. The same process 
is now applied to every pair of columns of a Aj;. Since the 
number of combinations of 15 columns, two at a time, is 105, 
105 pairs of columns must be examined, unless the group for 
the system is already known and is different from identity. 
If the group contains an operator of order k, then & pairs of 
columns are examined simultaneously. The process may be 
illustrated in its application to a system J, with a group of 
order 4 generated by s = (a)(be)(d8e7) (f394)(1526). Pairs of 


ss 

Nes 
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columns selected from the following table show every type of 
contracted index that occurs in any system. 


a b d 1 

de | df | ae a2 

fg eg bf b3 

12 ac c2 ce 

34 13 98 d5 

56 | 24 | 15 f8 

g4 

be 68 | 46 67 

Pair of Columns. Index. Contracted Sequences. 

2 de/gf/d, 12/43/1, 56/87/5; 
3? df/86/75/d, 24/ge/ca/2; 


The substitution s applied to the pair of columns ab gives the 
pair ac with the same index and similar sequences. If s is 
applied to the pair of columns 51, the three pairs c5, 62, c6 
are obtained with the index 3*. The analysis of the 105 pairs 
of columns shows that the contracted indices 2*; 2, 4; 37; 6 
belong, respectively, to 2, 24, 4, and 75 pairs of the columns. 

The new groupless systems are formed by interchanging 
duads of one column with those of another column. For 
example, in the pair of columns ab, the duads de, fg of column 
a may be interchanged with df, eg of column b; such an inter- 
change involving four elements, contained only in two pairs 
in each column, shall be designated as a quadrangular trans- 
formation. The columns d, e, f, g must now be re-written, in 
agreement with the new triads introduced into the system, 
and the undisturbed 9 columns of J with the re-constructed 
6 columns form a new system JQ. The four duads 12, 34, 
56, 78 of column a might be interchanged with the four duads 
on the same elements in column b, forming an octagonal 
transformation, but this is equivalent to the above quad- 
rangular transformation followed by the interchange of the 
elements a and b. 

In the pair of columns 61 the duads df, 68, 57 of column b 
may be interchanged with the duads f8, 67, d5 of column 1; 
such an interchange, involving six elements appearing exclu- 
sively in 3 pairs in each of the two columns, shall be designated 
as a hexagonal transformation. New columns d, f, 6, 8, 5, 7 


| 
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must next be constructed; these eight reconstructed columns, 
with the seven undisturbed columns of J, form a system JH. 
The application of the second hexagonal transformation in 
b1 is equivalent to an application of the first hexagonal trans- 
formation followed by the interchange of the elements b and 1. 

A transformation on 12 elements simply interchanges the 
two elements which head the columns. 

Therefore only the quadrangular and the hexagonal trans- 
formations which exist in a system require consideration. 

By means of the operators of the group of the system, the 
minimum number of non-congruent transformations of each 
of the above types is determined—for example, in J, the 8 
hexagonal transformations reduce to 1, and the 30 quad- 
rangular transformations to 4 non-congruent transformations. 

Each of the non-congruent transformations is now applied 
to the system J, and the sequences and indices are determined 
for the five transformed systems. 

The 35 triads of the system JH arranged in classes according 
to their indices are shown in the following table. 


1426 | 1435 | 13275 149 17234 | 1728 | 1237 | 1°46 125? 
157 | al2 | a78 168 a34 gl4 cd2 b24 b13 
258 | a56 c47 
cg5 dg8 
| 1236 | 1245 | 111 | 274 2374 | 5,7 


ade | afg e26 bd5 e48 ef7 e35 abe 


d46 | g27 | f45 bf8 
of6 | | g36 
beg 
d37 cel 


The enumeration of the entrances of the elements in the 
17 classes shows that the transitive sets of elements are a; b; 
ce; d; e; f; g; 1; 2; 3; 4; 5; 6; 7; 8; hence the group for the 
system is identity. Therefore under the hexagonal trans- 
formation the system J, with a group of order 4, is changed into 
a system JH with the group identity. The four quadrangular 
transformations applied to J yield four non-congruent systems. 
One of these is a new groupless system JQ; the remaining 
three are known headless systems with groups of orders 2, 2, 
and 6 respectively. 


Si 
nas 
| 
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The work of transforming the 44 known systems has been 
partially performed and we have discovered about 20 systems 
of the new groupless type. The headed type of Ai; is ex- 
hausted in 23 systems; the non-headed with a group, in 21. 
The numerous repetitions now appearing in the work lead us 
to believe that the groupless type is not much more numerous 
than the other two types. The purpose of the present investi- 
gation is to obtain, if possible, a complete set of groupless 
systems, and then to show the connecting links between all 
the systems of the three types. 

The system JH with no head and no group, which has been 
derived by a hexagonal transformation from a system J, with 
no head, but with a group of order 4, may also be derived from 
another system JC with a head and a group of order 3. Hexa- 
gonal transformations leave unchanged the number of A;,’s in 
a Ajs, and, therefore, always transform systems with or without 
heads into systems with or without heads respectively. A 
quadrangular transformation may change the number of A,’s 
in the A;s. The indices of the new groupless systems show 
a rather marked difference from the indices of the previously 
known systems. It has been found convenient to list the 
indices of systems, so that those indices which contain the 
greatest number of sequences of period 1 appear at the left- 
hand side of the index table; that is, the indices are written in 
descending order of sequences of period 1. Systems with 
a group contain indices of the types 1”, 182?,—but no group- 
less system has yet been found with an index containing more 
than six sequences of period 1—for example, 1°3? contains the 
maximum number of sequences of period 1 found among the 
indices of the groupless systems. Hence the indices of the 
groupless type show a distinct shifting towards the right-hand 
side of the index table. This shift was to be expected since 
the new systems are headless and, therefore, the indices neces- 
sarily involve fewer sequences of period 1. 

VassaR COLLEGE. 


i 
A 
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NOTE ON GREEN’S THEOREM. 


BY MR. C. A. EPPERSON. 


(Read before the American Mathematical Society April 24, 1915.) 


1. Introduction.—We wish in this paper to extend Green’s 
theorem to apply to relations equivalent to the general linear 
partial differential equation of the second order in two vari- 
ables. The relations are written in such a way as not to 
involve derivatives of the second order, and the theorem is 
proved without assuming their existence.* This point of 
view is desirable for the possibility of its application to physics. 

2. Statement of Lemma.—We shall denote by a;;, a;, a, 
arbitrary continuous functions of z and y, the a;; to have also 
continuous first and second partial derivatives, and the a; 
to have continuous first partial derivatives, over a given simply 
connected region. By b;;, b;, b, we indicate the coefficients of 
the linear partial differential expression of the second order 
which is adjoint to the expression of which the coefficients 
are @;;,a;,a. That is, b;; = aj;, 


042 
= 27 25 —= Gi, 


=. Pay Oa, 


*The immediate occasion for the publication of this paper was the 
appearance of an article by C. W. Oseen, “Uber einen Satz von Green und 
fiber die Definitionen von Rot und Div,” Rendiconti del Circolo Matematico 
di Palermo, vol. 38 (1914), pp. 167-179, which applies this method, by 
means of the principles of vector analysis, to the special case of Poisson’s 
equation. The general proof is a first step in the detailed working out of 
a general problem for partial differential equations (see preliminary com- 
munication of December, 1913, G. C. Evans, “Green’s functions for linear 
ae differential expressions of the second order, and Green’s theorem,” 

ULLETIN, vol. 20, no. 6, March, 1914). 

A proof has been given for equations of parabolic type, which may be 
generalized to the equations here considered. (G. C. Evans, “On the 
reduction of integro-differential equations,” Transactions Amer. Math. 
Society, vol. 15, no. 4, p. 486, Oct., 1914. This paper also gives the 
literature of the problem). The proof referred to however, by a reduction, 
makes use of Green’s theorem in its usual form; in the present paper, the 
result is reduced ab initio. 


Sash 
a 
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The 6;; are then continuous with their first and second partial 
derivatives, the b; continuous with their first partial derivatives, 
and 6 continuous over the given region. We shall consider 
a square S,, and by lim, ., we shall mean that no matter how 
small a circle we take about p the square shall ultimately 
become and remain entirely within that circle. We have 
then 

Lemma Let u(zx, y) and o(x, y) and their first partial deriv- 
atives be continuous over the given region in the (xy) plane, and 
let p be a point within that region. If 


| + bau) — bu | 


and 
(9 = f | + (our) — |dy 
2) 
[ cau +5 (ans) | dr; 
then 


[ ov 


3. Proof of Lemma I.—If we multiply equation (1) by 2, and 
equation (2) by uw, and subtract, we have, using the relations 
existing between the a’s and b’s of these equations, 


* The reader will note that if the second derivatives of u and v exist the 
theorem corresponds to setting 


f =a + On + + + + au 


and g = the adjoint of f. We then have the ordinary Green’s theorem. 


| 
(of — ug)>= lim— 
S,<p Tr Js, 
a Ou Ou 
(3) + Oy dy Ox 
ou Ov by 
Oy dy 2 
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(uf — ug)p + — bi) ip ay (a — 


lim E du + ( du dv 


Ou Ov 


+ (ou we) | ae. 


If now we consider the difference function D of the right- 
hand side of the equations (3) and (4), we have 


lim D = lim — {aul — — (up — | 


S,=p Tr Js, 


+a] (% (up — ue) | 


— + Uprs] | ay 


(5) 


— + Uprs] | dx 
In order to establish the lemma it is sufficient to show that 
1f 
= (a, — bi) +3, (dz — be) | 
To obtain the value of D we will divide the square into four 
smaller rectangles by lines through p parallel to the sides of 


the square and consider the sum of the integrals extended 
around these smaller rectangles. For convenience of notation 
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we shall consider p as the origin, and the vertices of the square 
lettered as in accompanying figure (Fig. 1). We will write 


(0, 

,0 

(0.0) (%, 0) 
Fig. 1. 


the curvilinear integral D, around one of these small rec- 
tangles, say [(0, 0)/(a1, as a simple integral. 
hus 


(6) {ou [ 4) — | 


plus the corresponding term to be integrated with respect to z. 
_If we note the figure we see that 


avs dv, 
— (Feat Fev) <claltlyl) <2 


O<y<Snm, 6 = one side of the square, 


if v, has the coordinates (21, y), and a similar expression holds 
if 7, is on one of the other sides. Similar expressions hold 


‘ 
ou ov 
+ ay (% — %s) — (Up — Us) 5 
y y 
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for (us — up). Further, one infinitesimal ¢ may be used for 
all such expressions, as u and » and their first partial derivatives 
are uniformly continuous throughout the square. In the limit 
then (v, — v,) may be replaced by (02,/0x)2, + (02,/dy)y or by 
the corresponding expressions depending on the position of 2,. 


If we carry out these substitutions in detail we obtain an 
expression of the form 


plus exactly similar terms to be integrated with respect to z, 
plus terms every one of which is in absolute value less than 
e times a constant less than | a; | . 

If we apply the law of the mean every term, except the last 
two, is of one of the forms 


(a) [P(x,y) — P(O, or y) — P(0, 2 


28) 


: 
a 
D. 
) 
(7) 
a — bh a, — b 
+ (— a) | dy 
Sot 
ete. 
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where P(z, y) is uniformly continuous in z and in y throughout 
the square. Hence in the limits every term except the last 
two vanishes and we have 


where 


which gives us, if we combine with it the corresponding terms 
from the integration with respect to z, 


x 1f a 
D, = (a; — by) | uote + 
where lims-, w = 0, w being less in absolute value than 
times some constant. 

If we now carry the integration around the other rectangles 
we have similar expressions for D2, D3, and Dx. 

Since (ayy + + + = 1, we have 


1f 
D 2 (a, bi) + oy (a2 be) | 
The lemma is therefore established. 

4. Statement of Green’s Theorem.—By a standard curve we 
shall mean a closed regular curve which does not cut itself and 
which cannot be cut in more than a finite number of points by 
any horizontal or vertical straight line. 

We may now state Green’s theorem. 

TueorEeM I. If u(x, y) and v(x, y) with their first partial 
derivatives, and f and g, are continuous throughout a simply 


3 
z 
where lims -» 7 = 0, 
a, — by dv 
2“ @2 
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connected region, and if for every standard curve S,* contained 
wholly within that region, 


ffo- bu)dedy = + x bau | ay 


| + Fan) — | dz 


and 
— av)dxdy =f coun + (au) aw) |ay 
10 
[ (ou) + (one) — | dr 
t 


hen 
+ an( 0 — + 


w | ae. 


(11) 


2 


.Proof of Theorem I.—For convenience in writing our equa- 
tions we will set 


Ou dv Ou dv a; — b; 
an (052 — + aa( — + 5 Uv. 
Now divide the region enclosed by the contour into a number 
of squares o; of side 6. Then 


foe — ug)dxdy = of fw — ug)dxidy;+n (n> WN), 


where 7 is the integral over that portion of ¢ not contained 
in "0; and can be made as small as we please by choosing n 
sufficiently large. By the law of the mean 


* The conclusion holds for the boundary of the region if it is a standard 
curve. 


: 
~ 
tas 
— 
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f f of — ug)dxdy: = (uf — ug)poi, 


where p; is some point ing;. Then 


fos — ug)dxdy = > (of —ug)poitn (n> 


The hypotheses of this theorem imply the hypotheses of 
Lemma I. Hence, by that lemma, 


(of — ug)p, = lim — f — 
Ti Js; 
so that 


= lim ~ [Ardy Aedz. 
Sip, Fids, 


We have to do with a uniform limit in the right-hand 
member of the above equation, since on account of the assumed 
continuity of u, du/dx, du/dy the quantity e which occurs in 
the proof of Lemma I depends merely on the size of the square, 
and not on the position of the point p. Hence 


lim 2 A,dy 
Spi Fi ds, 
differs from 
+f Aodx 
Ci 


by less than €, where lim;-, € = 0, and 


> o; lim Ajdy — Acdx 
Sap; Tid s, 
differs from 


f Ady Aodx 
S, 


by less than eo, where S, is the contour formed by the exterior 
boundary of the approximating squares. It then follows that 


Sf (of — ug)dady = — + 7’, 


es, 
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where lim;-» 7’ = 0. But since A; and A: are uniformly 
continuous in z and y throughout the region, we have 


lim f Ajdy — + 7! = f — Azdz, 
80 Js, 
and therefore finally 


f f (of — ug)dxdy = A,dy — 


which was to be proved. 


I. Theorem for Poisson’s Equation. If uandv 
and their first partial derivatives, and f and g, are continuous 
throughout a simply connected region, and if for every standard 
curve S contained wholly within that region, 


J = f as 


If we put in this » = 1/r we get the well-known formula due 
to Green. 


Corottary II. By lims., we shall mean that the standard 
curve S approaches =p uniformly, i. e., if we take a circle with 
center at p and of arbitrarily small radius the standard curve S 
ultimately becomes and remains within the circle. We may 
now state 

Corotuary II. Jf u and v and their first partial derivatives 
are continuous within and on the boundary of a region enclosed 
by a standard curve S in the (xy) plane, and if 


then 


(f= buy = tins f | + 3%, — bu | dy 


+ 2 ar | de 
and 
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[ cou + (ano) ~ aw | dz, 
then 


(uf — ug)p = + an ( — use ) 
+ a we [ on ( 


Ou Ov be 
+ 455) + 


where p is any point within S. 


Tue Rice InstiTuTe, 
ebruary, 1915 


CONVERGENCE OF THE SERIES > > 
=0 
(y IRRATIONAL). 


BY PROFESSOR W. D. MACMILLAN. 


(Read before the American Mathematical Society April 2, 1915.) 


The method of proof which is here used depends upon the 
properties of continued fractions. Any irrational number y 
can be expanded as a fey? continued fraction 


1 1 


Let pn/qn be the nth principal convergent,* and P/Q be any 


intermediate convergent lying between Pn—2/qn—2 and Pna/qn. 
Then 


y= 


Q ~ Qn+1  Yn—1 


if n is odd, and 


*The notation used here agrees with that of Chrystal’s Algebra, 
Vol. II, Chap. XXXII. 


€ 
= 
{ 
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Q7 Qn+1 Qn—-1 


if n is even. 
For n either even or odd 


Q Qn—2 + Qn 
from which is derived 
P Q,—k 


Since gn = Qn—2+ and Q = kqn1, we have 
= Q+ (Gn — Q+ < (Qn + 1)Q. 
Hence 
Q = 4007 +2)’ 


Pn 1 1 
Qn(Gn41 + Qn) + 2)* 
We have then 
1 


and 


1 
| — | > + 2)" 


Let us suppose now that a,+2< M for every n, an 
hypothesis which is certainly satisfied by every simple quad- 
ratic surd (m+ Vn)/l, where J, m and n are integers. Then 
if P/Q is any convergent, principal or intermediate, it follows 
from (1) that 


(2) |P — Qy| 


We shall show now that for any two integers whatever, 
and j, 


; 

( 1 ) 
an — 

= 

and likewise 

1 

. 

F 

i 

{ 
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(3) 
Mj" 


Let P;/Q: and P2/Q2 be two successive convergents (principal 
or intermediate) such that Q; = 7 = Q2. From the general 
theory of continued fractions it is known that P,/Q; and P2/Q2 
are closer approximations to y than any other rational frac- 
tions whose denominators are less than Q2. Consequently 


1 


7 MQ,’ 


j 


and therefore, since 7 > Q:, 


> 


1 1 
4 
(4) jy|>|Pi Qy| > 
Consider now the series 
— JY 


0), 


where ¥ is an irrational number which, when expressed as a sim- 
ple continued fraction, satisfies the condition that a, + 2 < M 
for every n. Then we will have |i—jy| > 1/(Mj) and 
consequently 


1 
so that 
i=0 j=0 IY ti=it i=0 j= i=1 


M 


i=1 j=! 


which converges if |x| <1 and |y|< 1. Therefore the 


series 
G+ j> 0) 


i=0 j=0 — JY 


converges if |2| and | y| are both less than unity, which is 
somewhat remarkable in that the denominators, which have 
no lower limit, impose no restriction upon the radii of con- 
vergence of the series. 


: 
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The restrictions upon y in the above discussion can be 
considerably reduced. It is seen from (1), if P/Q is any 
convergent (principal or intermediate), that 

1 
where a, is the first partial quotient above Q. Let us suppose 
now that 


where S is any positive integer independent of n. Then, since 


Q> 
a, +2< M(Q+1)---(Q+S8-—1), 
so that 
1 


Qyl> 


Then, just as before, if i and j are any two integers such that 
= 7 = Q, we shall have 


1 
> 
1 
MiG+)--G+8—D 


and also 


1 A 
Mj(j +.1)---G4S8— 1). 


If then ¥ satisfies these new conditions the series 


i=0 j=0t > 


But since 


ds 1 S! 
)= (1 — y)*# 


we have 
x yMS! 


i=0 — JY 


pe 
4 GEES 

Mer 

(5) an +2 < 1)(Qr1+ 2 ritS—1 
eee 

| 

& 
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and therefore convergent provided |2| and |y| are both 
less than unity. 


Corollary.—If the series f(x, y) = (i+ 79> 0) 
converges for | z| < 1/£,|y|< te; so that 


N 
and if y is an irrational number which satisfies (5), then the 
series 


1=0 j=0 t— 
converges provided | x | < 1/ and | <1/n. Furthermore 


MS! | 
(1 — &x)(1 — ny)" 


It will perhaps be interesting to note the character of the 
condition that + 2 < Magn(qn + 1)---(Qa +S— 1). Let 
us suppose that a, = n!. It is found then q,-1 = (n — 1)! 
(n — 2)! ---2!4+ ---. It is sufficient then to take M = 1, 
S = 2, in order to satisfy the condition. If we suppose that 
a, = 10" we find that gri = 10°°°*-10!"*- --- 10! + 
-++, and it is sufficient to take M = 10,S = 10. If however 
we suppose that a, = then gp. = 
+ ---, and there do not exist an M and an S which satisfy 
the condition. 

Application of these Series.—(a) The function 


Fa,y)< | 


lal <1, 


m=0 n=0 — 


where z is a complex variable, is a holomorphic function of z 
everywhere except in the neighborhood of the positive real 
axis, which is a line of essential singularities. Nevertheless 
the value of the function is finite for those real, positive 
irrational values of z which satisfy the above condition; 
furthermore the function is continuous across the real axis 
at any one of these points. To show the continuity, let 
z = ¥ be such a point and let z = y+ tcosa+ ttsina bea 


| 
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straight line which crosses the real axis at y making an angle 
a with the real axis. Then 


W= 22 (m — ny — nt cosa) — i(nt sin a) 


[m — ny — nt cos a] + i(nt sin a) 


ny — nt cos al}? + nf sin? a 


If now we write W = W,+ iW2, and for brevity suppose 
d and p real, we have 


m— ny — ntcosa 


Ws = Ze" [m — ny — nt cos a}? + nf sin? a,’ 


nt sin a 
[m — ny — nt cosa}? + sin? 


= 


Consider now 
nt sin a 


[m — ny — nt cosa}? + nf sin? a” 


As a function of the variable ¢ this expression has a maximum 
or a minimum for nf = (m— ny). It has a maximum 
equal to 
1 
(m — ny)[(1 + cos a)? + sin? a] 


for nt = (m — ny), and a minimum equal to 


—1 
(m — ny)[(1 + cos a)? + sin? a] 
for nt = — (m— ny). Consequently 
| sin a | 


(1 — cos a)? + sin? a] 
which is absolutely convergent. Whence W2, and in the same 
manner W,, is absolutely and uniformly convergent for all 
real values of ¢t. Consequently W is a continuous function of z 
all along this straight line. 

(b) Consider the linear partial differential equation 


| m — my |’ 


T2355, = Pid + Po, 


| 

Bess 

7 

| 
| 
| 
| 
| 
| 
| 
| 


32 CONVERGENCE OF SERIES. [Oct., 


where y is a positive irrational number which satisfies the 
condition + 2< Mgn(qn+1)---(Qn +S — 1), and pi.= 
= are two convergent power 
series in 2; and 22. 

We will take first the homogeneous equation 


and put = log ¢. Then 
“157, P1- 
The solution of this equation is 


a = + an arbitrary function of (7:"z2), 


y= 22 


and by the above corollary this series has the same region of 
validity as p,; itself. It follows therefore that ¢ = e” also is 
a convergent power series in z; and 22, if the arbitrary func- 
tion is taken equal to zero. 

Returning now to the equation 


Op _ 
Pid + pro, 

let us take ¢ = we’, where e” is the function already deter- 
mined, and w is an unknown function. We have then 

dw Ow 

where 2Lc;;21'x2’ is the expansion of p2¢~” and is therefore a 
convergent series. The solution of this equation is 


Ci 


w= 
3=— 


+ an arbitrary function of (x1"x2), 


which likewise is a convergent series. Consequently @ 
= (A+ w)e’, where A is an arbitrary function of (21"22), 
is a solution of the differential equation. 


Tue University oF Cuicaco, 
May 15, 1915. 
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A CERTAIN CLASS OF FUNCTIONS CONNECTED 
WITH FUCHSIAN GROUPS. 


BY PROFESSOR ARNOLD EMCH. 
(Read before the American Mathematical Society April 24, 1915.) 


1. ConsweR a Fuchsian group I of linear substitutions 


a6; = Bayi 1, 


that transform the unit circle into itself, and for which the 
unit circle is a natural boundary. The index i for which z; 
approaches a point of the boundary we denote by ©, so that 
lim (z;) = e**, where @ may have any value from 0 to 2z. 


i=@ 
Let z = z represent identity. Denote by Ry = R the funda- 
mental region in which z lies, and by Ri, Re, --- the regions 
resulting from R by the substitutions V; (¢ = 1, 2, 3, ---). 
Let e; be the greatest “elongation” of the boundary of R;, i. e., 
the maximum distance between two points of the boundary 
of R;; then, according to a theorem due to Bricard,* it is 
possible to circumscribe a circle C; to the region R;, such that 
its radius does not need to be greater than at most e,/ 3. 
For 1 + ©, the area A; of R;, being that of a singly con- 
nected region bounded by circular arcs, is finite, so that for 
the ratio of the area of the circle C; to that of the region R; we 


have 


34; 


where M is a positive finite quantity > 1. But it can be 
shown that this inequality also exists when lim (7) = ©, or 
lim (z;) = e**. Hence from (2) we get 


(2) 1< 


<M (i = 1, 2, 3, ---), 


(3) 382A; 3MZAj, 


*“Théorémes sur les courbes et les surfaces fermées,’’ Nouvelles 
Annales de Mathématique, 4. ser., vol. 14, pp. 19-25 (January, 1914). 
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in which the sums are extended over the whole group I. 
As 2A; = = is a finite quantity we find that the sum of the | 
areas of all circles C;, and consequently the sum of the squares 
of the radii of all these circles is finite. 

2. Choose now within R any two points a and b and a 
variable point z, so that the area formed by the euclidean 
triangle z;a,; lies entirely within C;. Now 


|2;—a;! Se; Se, 


hence 
Se?, 
and 
(4) LD = De? 
i=v 4=0 


But, according to (3),>_e2 is a finite quantity. The left 
i=0 


side of (4) is therefore an absolutely convergent series, for all 
values of z within R. The condition for uniform convergence 
within the whole domain is evidently also satisfied, so that 
we can state 


TuHeorEM I. The series 


extended over a Fuchsian group \’, with the unit circle as a natural 
boundary and z, a, b lying within the fundamental region of 
I, is a uniformly convergent series, and defines an analytic 
function within R that vanishes for z = a and z = b and has 
no — within R. The result is still valid when 2 = 2a, 
80 t 


— a;)? 


also defines such a function which at z = a has a zero of the 
second order. 

3. The theorem may immediately be generalized. Choose 
for 2 and a any two points within the unit circle (excluding 
the boundary). The straight line joining them is cut by a 
finite number of polygons R; into the segments Jz, - - -, 


Any substitution V, = ( a8 ) of the group I transforms the 


‘ } 
| | 
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straight segment from z to a into an arc of a circle from 2, to 
a, and the segments /; into arcs l;, intercepted by the corre- 
sponding polygons arising from the substitution V,. Every 
are is subtended by a chord 8, < 1, < e,, where e, 
denotes the elongation of the polygon (region) R,,. From 
this follows immediately that 


h= ten, 
and 


(fi? < (Ca + + en). 
From the inequality 
26 in < + 
we derive without difficulty 
(5) < — + + + en’). 
‘uk 
Now 


A=0 t=1, 
hence, according to (5), 
(6) D < DY (eu? + + +6,,2). 
A=9 A=0 

But 

= Dd 

A=0 A=0 
so that (6) reduces to 
(7) <P a. 

A=0 A=0 


The right side of this inequality is a finite quantity, so 
that the series on the left side is absolutely convergent. 
Hence 


THeorEM II. The series 


(z — a,)? 


mig 
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extended over a Fuchsian group with the unit circle as a natural 
boundary, where z and a are any two points within the unit circle 
and not on the boundary, when a is fixed, is an absolutely and 
uniformly convergent series of 2 for all points within and not on 
the boundary, and represents an analytic function in the neighbor- 
hood of all such points. It has a zero of the second order for 
2 = a, and has the unit circle as a natural boundary. 


4. This theorem admits of a further generalization. Choose 
any three points z, 2’, a within and not on the unit circle, and 
write f~=|z—a |, g.=|z’—a,|. Assuming f +0 
g + 0, it is possible to find a positive finite number M such 
that the ratio g,/f,< M, \=1, 2, 3, ---, also when x 
approaches a point on the unit circle. We have therefore 
9. < Mf,, and 


< Mf’, 
and consequently 
(8) < M 
a=0 A=0 


As the right side of this inequality is absolutely convergent, 
it follows that 


LAs. 

Aa=0 
is an absolutely convergent series, and that consequently 
(9) (2, — a)(%' — 


is absolutely and uniformly convergent, and, for a and 2’ 
constant, defines an analytic function of z for all points 
within and not on the boundary of the unit circle. It vanishes 
for z = a and has the unit circle as a natural boundary. 
Nothing is lost in the convergency proof of (9) by assuming 
z and 2’ fixed and a as variable. Hence putting in (9) z = a, 
2’ = b and a = z we may state 


TueorEM III. The series 
(z, — a,)(2, — 


where a and b are any two points within and not on the unit circle, 
is absolutely and uniformly convergent and represents an analytic 


: 
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function of z within the unit circle, which is a natural boundary 
of the function. It has z = a and z = b as zeros. 

5. Making use of the proposition that for an analytic 
function F(z) which within a certain region has the character 
of a rational function, such that for any point 2 of this region 
exists, 


(10) lim = F'(2) 


2=2/2% Z—2 


we may extend theorem III to an even more general type of 
functions. Let &(z) be a rational function of z which for 
z= 0 does not become infinite. Putting (2, — a)(%— b,) 
= (z’ — a,’)(z,’ — b,’) = where 2’, a’, b’ denote a 
set like z, a, b, then as z, (A = ©) approaches a definite point 
e** on the boundary a, b,, a,’, b,’, 2,’ will approach the same 
point, and w and w’ will approach zero as a limit. Conse- 
quently 


Uy 


is a finite quantity, and as 2(u — u’) is absolutely and uniformly 
convergent, also >> {&(u) — &(u’)} will be absolutely and 
A=0 


uniformly convergent within the unit circle, except for a 
finite number of values of u and u’, which are poles of &(u), 
and their congruents in the group T’.* Hence, with the expres- 
sions for u, wu’ and & defined as above, we may state 

. THeorEM IV. When a, b, a’, b’, 2’ are fixed, so that no u,’ 
is a pole of #(z), then 


— — — — — b,’)}] 


extended over the whole Fuchsian group represents an analytic 
function of z, which has the same poles as those of #(u) and their 
congruents, and which has the unit circle as a natural boundary. 
It appears that in general these functions are not auto- 
morphic in the ordinary sense. 
University or ILLINoI!s. 


* For a statement of formula (10) and its applications to trigonometric 
and elliptic functions see Schottky: ‘‘Ueber die Funktionenklasse, die 


der Gleichung F (= +6 ) = F(z) geniigt”; Crelle, vol. 143 (1913), pp. 
1-24. 
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PROFESSOR BOCHER’S VIEWS CONCERNING THE 
GEOMETRY OF INVERSION. 


BY PROFESSOR EDUARD STUDY. 


In a recent paper (this BULLETIN, volume 20, pages 185- 
200, January, 1914), Professor M. Bécher sets forth what he 
thinks are sound principles for dealing with geometry, and 
more especially with the geometry of inversion. Herein I 
am glad to agree with him. The same and similar principles 
have been expounded, and applied, in a less elementary 
(but more comprehensive) manner by myself. Professor 
Bécher’s article may be looked upon as commenting on the 
import of the conception of natural continua introduced by 
me in 1903,* though he makes no use of this notion itself. 

There seems to be, however, little agreement in other re- 
spects. Professor Bécher quotes one of my articles (“Das 
Apollonische Problem,” Mathematische Annalen, volume 49, 
1897), merely stating that it is long and yet does not contain 
a word concerning the “region at infinity.”{ The first of 
these assertions is right as a matter of course, assuming a 
suitably chosen standard of length, and as to the second I 
will not quarrel with my critic. What I am concerned with 
is merely the inference which the author leaves to his readers. 
This inference would appear to be that I had been thought- 
less, or careless, or regardless enough to publish my results 
in an embryonic state of development. It will inevitably be 
understood that all my theorems are “true in general” only, 
and consequently incorrect. I am found guilty of having 
committed an error to which, in recent years, I have myself 
objected often and strongly. I am caught in my own trap, 
and no mistake. There will be possibly some people who will 
enjoy this. But it cannot reasonably be expected that I 
should be one of their number. Therefore I beg to point out 
a few trifling circumstances that apparently have not been 
appreciated by my critic. 

1. Let us supply the missing (but certainly indispensable) 


*In my book, Geometrie der Dynamen, §§ 27, 28. This seems to 
have escaped Professor Bécher’s notice. He t have been aware of 
it, though, a he ay a reference in connection with his own topic 
in . aper by H 

her’s own yo is “the infinite region.” 
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definitions, say, by the simple expedient of inserting a refer- 
ence to Professor Bécher’s book of 1894. Then the haziness 
to which my critic objects will disappear at once and through- 
out. This remark, obvious as it is, does not seem to have 
occurred to Professor Bécher; otherwise he ought to have 
mentioned it, for it alters the matter considerably. Probably 
he and I wrote for different sets of readers. I must, for some 
reason or other, have presupposed what Professor Bécher 
explains. If my critic disapproves of this, it seems to me that 
he might have made clear the true trend of his objection, 
which 7s irrelevant, instead of making his readers believe that 
I had sinned against the first laws of logic, an intimation to 
which I cannot be indifferent. Professor Bécher, who does 
not go far in the way of applications himself, might even 
have quoted my Apollonian paper as an illustration of the 
principles that underlie his doctrine; but, as a matter of fact, 
he meant to use it as a deterring example of their neglect, and 
only as such. 

2. My fault (if fault it is) thus consisted in supposing 
notions widely known (and accepted by competent judges) 
which in reality perhaps were not so.* Why I held such an 
opinion is easily explained. The ideas in question are very 
simple. From the standpoint of Klein’s Program of 1872 
they appear almost as matters of course. To me they have 
been familiar since about 1884, the time when I was a young 
student under Professor Klein, who in later years was Pro- 
fessor Bécher’s teacher also, and to whom also Professor 
Bécher, as he says himself, is indebted for the same ideas. 
It would seem to follow from this that the public I had in 
mind was likely to exist; and so it did, as is shown by the 
example of Professor Bécher himself. But had it been non- 
existent, I could still claim the right to write for it in the 
manner I did. What does not exist today may be common 
tomorrow. The first footnote in my paper shows that, not- 
withstanding its deplorable length, it is an extract only, and 
by no means intended for beginners. 

3. I stated that I look upon the geometry of inversion as 
forming a counterpart (Seitenstiick) to projective geometry 
(pages 498, 528), and I have treated it as such throughout. 
The idea apparently underlying Professor Bécher’s criticism, 


*In my book of 1913 the point-continuum of the geometry of inver- 
sion is mentioned as a commonly accepted notion (page 282). 


| 
4 


40 THE GEOMETRY OF INVERSION. [Oct., 


that in spite of this attitude (which was opposed to the habits 
of my predecessors, Darboux, for example) I might have 
operated in this projective domain seems quite absurd. 

4. A piece of research in projective geometry is not neces- 
sarily defective if its author does not speak of points at 
infinity. The same holds good for the geometry of inversion. 

5. That my point of view was exactly the one recommended 
by Professor Bécher can be conclusively demonstrated. I 
say (page 539): “Um diese Aufgabe (das Apollonische 
Problem auf der Kugel) zu lésen, haben wir weder in Formeln 
noca Constructionen auch nur die geringste Aenderung anzu- 
bringen.” Then there must be a one-to-one correspondence 
between the plane I operated in (the “plane of inversion”) 
and the sphere, without any exceptional points. 

Finally a remark may be made that has nothing to do with 
the subject at variance. The terms region and points at 
infinity, though very convenient, are apt to cause misunder- 
standings. It should be noticed that the (euclidean) distance 
between a point “at infinity” and an ordinary point is not 
necessarily infinite. Under certain conditions, the investiga- 
tion of which I leave to the reader, it is indeterminate. The 
similar terms used in projective geometry require a similar 
comment. 


I do not care to follow Professor Study into the field of per- 
sonal recrimination. Whether my article was calculated to 
be of use is neither for him nor for me tosay. What it aimed 
to accomplish is clearly set forth in its first twelve lines, and 
this aim would not have been affected by the insertion, 
demanded by him, of a reference to his book. This reference 
would, however, as a matter of course have been made if I had 
been acquainted with the passage. The very brief allusion to 
the paper on the Apollonian Problem is the merest incident 
in the course of my article. In spite of Professor Study’s 
remarks, the autobiographic part of which seems to me irrel- 
evant, I see no substantial alteration which should be made 
in my words. I never said or implied, thought or wished the 
reader to think that this paper is too long. I do think it of 
sufficient length to warrant the expectation that the author 
should state explicitly and exactly what he was talking about. 
Various inferences, correct or incorrect, might be drawn from 
his failure to do so. I drew none. 


Maxime Bocuer. 


he 
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THE DAVIS CALCULUS. 


Tue attack on our Calculus in the June BULLETIN perhaps 
calls for a word of protest. It is some consolation to know that 
the book has attractive elements, even though it is not stated 
what they are. Pleasant also is it that the reviewer recognizes 
that we did try to introduce interest into the subject. To get 
the student interested is certainly an important matter; and 
it is our belief that a text can and should help a teacher in 
doing so. The exciting of interest, however, is but a means to 
an end, that end being the stimulation of accurate thought on 
the many and varied applications of the calculus. 

Mayhap the reviews of the book in the American Mathe- 
matical Monthly, in the Bulletin of the Society for Promoting 
Engineering Education, and in Science were far too favorable; 
yet, taken altogether, they would seem to indicate that we 
had been reasonably successful in carrying out our ideas. 
Still more satisfactory is it to know that of the seventy-odd 
institutions who will use the book for the coming year, a 
majority have already used it for three years. 

Might we indeed possibly suggest that a review, to be valu- 
able, should be accurate and judicial, not marred by exaggera- 
tion, by guesses as to how the book was written and what its 
reception will be, or by remarks on visionary ideals that have 
nothing to do with the use of the book? 

W. Davis. 


NOTES. 


THE July number (volume 16, number 3) of the Transactions 
of the American Mathematical Society contains the following 
papers: “Sur les fonctionnelles bilinéaires,” by M. FREcHET; 
“Oriented circles in space,” by D. F. Barrow; “A new isos- 
celes triangle solution of the three body problem,” by D. 
Bucuanan; “Surfaces Q and their transformations,” by L. P. 
E1sENHART; “The general theory of congruences,” by E. J. 
Wiiczynsk1; “On matrices whose coefficients are functions 
of a single variable,” by J. H. M. WeppErBurRN; “Conformal 
classification of analytic ares or elements: Poincaré’s local 
problem of conformal geometry,” by E. Kasnrer; “Extensions 
of Descartes’ rule of signs connected with a problem suggested 
by Laguerre,” by D. R. Curtiss; “On parastrophic algebras,” 
by J. B. SHaw. 
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Tue July number (volume 37, number 3) of the American 


Journal of Mathematics contains: “Projective differential - 


geometry of one-parameter families of space curves, and con- 
jugate nets on a curved surface,” by G. M. Green; “Linear 
combinants of systems of binary forms, with the syzygies of 
the second degree connecting them,” by W. F. SHENTON; 
“Elimination d’une inconnue entre plusieurs équations algé- 
briques,” by M. Sruyvarrt; “Congruences associated with 
a one-parameter family of curves,” by R. D. BEETLE; “Plane 
sextic curves invariant under birational transformations,” 
by A. HELEN Tappan. 


THE academy of sciences of Paris has recently announced 
the following awards of prizes in the mathematical sciences: 

Francoeur prize (fr. 1500) to Professor M. J. Marty of the 
Lycée Alby, who has since been killed in battle. 

Poncelet prize (fr. 2000) to Professor M. Raut, emeritus 
professor in the Ecole des ponts et chaussées. 

Boileau prize (fr. 1300) to Professor U. Pupprni, of the 
University of Bologna. 


At the meeting of the Edinburgh mathematical society on 
June 11 the following papers were read: “On spheroidal 
harmonics and allied functions,” by G. B. Jerrery; “ Deter- 
minants connected with the periodic solutions of Mathieu’s 
equation,” by A. G. Burcess; “On the oscillation functions 
derived from a discontinuous function,” by L. R. Forp; 
“The angle between two lines in trilinears,” by W. L. Marr. 


Tue Helvetian society of natural scientists held its annual 
meeting at Geneva, September 12-15, this being its centenary 
celebration. The mathematical section was presided over by 
Professor H. Fenr. 


A NEW edition of de Morgan’s Budget of Paradoxes, edited 
by Davin EvGENE Smirx with extended biographical, his- 
torical, and explanatory notes, has just been published by the 
Open Court Publishing Company. 


The following advanced courses in mathematics are offered 
at the Italian universities during the academic year 1915- 
1916: 
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University oF Botocna.—By Professor P. Bureatti: 
Classical problems of celestial mechanics, three hours.—By 
Professor L. Donati: Modern electromagnetic theories. 
Thermodynamics and its relation to radiations; hypothesis 
of quanta, three hours.—By Professor F. ENriqurs: Geo- 
metric theory of algebraic equations and functions, three 
hours.—By Professor S. PincHERLE: Functional calculus. 
Integral equations and applications, three hours. 


University oF Catanta.—By Professor E. 
Vibrations of elastic bodies. Theory of sound, four hours. 
—By Professor G. PennaccuiEett1: Dynamics of rigid bodies 
(advanced part). Elasticity. Viscous fluids, four hours.—By 
Professor C. SEVERINI: Partial differential equations, four 
hours.—By ——-: Higher geometry, three hours. 


University or Genoa.—By Professor C. C. Levi: Selected 
topics in the theory of partial differential equations, four and 
one half hours.—By Professor G. Lorta: Numerative geom- 
etry, three hours.—By Professor O. TeponE: Electromagnetic 
theory of light, three hours. 


University oF NapiLes.—By Professor F. AMopEo: 
History of mathematics: the middle ages, three hours.—By 
Professor A. Det Re: n-dimensional analysis of Grassmann, 
with application to mechanics of the spaces of constant curva- 
ture, four and one half hours.—By Professor R. MARCOLONGO: 
Fourier’s series with several applications, three hours.—By 
Professor D. Montesano: Theory of birational correspon- 
dences of three-dimensional space, three hours.—By Professor 
E. Pascau: Analytic functions and selected topics of mathe- 
matical analysis, three hours.—By Professor L. Pinto: 
Geometrical optics. Theory of optical instruments, three 
hours. 


University oF Papua.—By Professor F. p’Arcais: Func- 
tions of a complex variable; elliptic functions; integral equa- 
tions, four hours.—By Professor A. ComEssatti: Projective 
and descriptive geometry of hyperspaces, three hours.—By 
Professor P. Gazzanica: Theory of numbers, three hours.— 
By Professor T. Levi-Civita: Mechanics of continuous media: 
the technical, classical and relativistic point of view, four and 
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one half hours.—By Professor G. Ricci: Absolute differential 
calculus. General theory of elasticity, four hours.—By Pro-- 
fessor F. Szvert: Algebraic varieties from the point of view 
of reality, four hours.—By Professor A. SigNorini: Technical 
applications of elasticity, three hours.—By Professor A. Ton- 
oLo: Partial differential equations of the second order, three 
hours.—By Professor G. VERONESE: Geometrical applications 
of the theory of sets, four hours. 


University or PatermMo.—By Professor G.. BaGNERA: Cal- 
culus of variations, three hours.—By Professor M. De Fran- 
cuts: Hyperelliptic surfaces and Picard’s varieties, three 
hours.—By Professor M. Grepsia: Mechanics of continuous 
bodies. Potential. Hydrodynamics. External acoustics, 
four and one half hours.—By : Mechanics (advanced 
part), three hours. 


University oF Pavia.—By Professor L. BERZOLARI: 
Abelian integrals with geometrical applications mainly to 
correspondences between algebraic curves, three hours.—By 
Professor C. Bomprant: Geometry of numbers. Diophantine 
approximation, three hours.—By Professor U. Cisorrti: 
Electricity and magnetism, three hours.—By Professor F. 
GerRBALpI: Elliptic functions, three hours.—By Professor 
G. Vivantr: General theory of analytic functions, three hours. 


Unrversity oF Pisa.—By Professor C. Bertini: Geometry 
on a curve with algebraic and transcendental method, three 
hours.—By Professor L. Brancur: General theory of surfaces. 
Applicability. Rolling, four and one half hours.—By Profes- 
sor U. Dint: Analytic representation of functions both in the 
real and in the complex field, four and one half hours.—By 
Professor G. A. Maaer: Principles of analytic mechanics. 
Harmonic functions. Topics in hydrodynamics, four and 
one half hours.—By Professor P. Pizzerti1: Theory of the 
shape and of the motion of rotation of the planets, four and 
one half hours. 


University or Rome.—By Professor G. BiIscoNcINI: 
Geometrical applications of calculus, three hours.—By Pro- 
fessor G. CasTeELNUOvo: Geometry of algebraic varieties, 
three hours.—By Professor U. Crupe.t: Introduction to the 
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advanced study of electricity, three hours.—By Professor 
V. VotTerRa: Electricity and magnetism, three hours. Dif- 
ferential, integro-differential and derivative-functional equa- 
tions of mechanics, three hours.—By —————: Theory of 
functions of a complex variable. Elliptic functions, three 
hours. 


University or Turtn.—By Professor T. Boaeio: Equili- 
brium-figures of rotating fluid masses, three hours.—By 
Professor G. Fusrnt: The modern advances of calculus. 
Application to expansions in series, to calculus of variations, 
to integral equations, three hours.—By Professor C. SEGRE: 
Topics in differential geometry, three hours.—By Professor 
SomicLiana: Mechanical and electromagnetic optics, three 

ours. 


Proressor M. De Francuis, of the University of Catania, 
has accepted the professorship of higher geometry at the 
University of Palermo, as successor to the late Professor 
Guccia. 


Proressor E. Bertin1, of the University of Pisa, has been 
elected national member of the royal academy of Turin. 


Proressors F. Enriques, of the University of Bologna, 
T. Levi-Crvira, and F. Sever, of the University of Padua, 
have been elected corresponding members of the royal institute 
of Lombardy. 


TuE Italian society of sciences (the forty) has awarded its 
gold medal for 1914, to Professor E. Pascat, of the University 
of Naples for his work concerning integrating factors of dif- 
ferential and of integro-differential equations. 


Proressor G. B. Matuews, of Bangor College, Wales, has 
received the honorary degree of doctor of laws from Cambridge 
University. 


Dr. E. Hecke, of the University of Géttingen, has been 
appointed associate professor of mathematics at the University 
of Basel. 


Dr. K. Knopp, of the University of Berlin, has been pro- 
moted to an associate professorship of mathematics. 


Be 
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Proressor C. Moser has been appointed professor of the 
theory of insurance at the University of Bern. . 


Proressor F. Scu1L1n¢, of the technical school at Dantzig, 
has received the title of Geheimer Regierungsrat. 


Proressor H. S. Wuire, of Vassar College, has received 
the degree of doctor of laws from Northwestern University. 


Proressor R. M. Barton, of Lombard College, has been 
appointed dean and acting president. 


Dr. H. C. Gossarp, of the University of Oklahoma, has 
been promoted to an assistant professorship of mathematics. 


Dr. W. L. Miser, of the University of Minnesota, has been 
appointed assistant professor of mathematics in the University 
of Arkansas. 


Dr. Danie, BucHANAN, of Queen’s University, Kingston, 
Ontario, has been promoted to an associate professorship of 
mathematics and appointed director of the college observatory. 


Mr. J. L. Ritey has been appointed professor of mathe- 
matics in the Oklahoma state normal school at Tahlequah. 


At the State University of Iowa, Miss S. E. Cronin has 
been promoted to an assistant professorship of mathematics. 


Proressor G. H. Cresse, of Middlebury College, has been 
appointed assistant professor of mathematics in the University 
of Arizona. 


Dr. G. H. Graves, of Columbia University, has been 
appointed instructor in mathematics in Purdue University. 


Ar Princeton University Mr. L. S. Hitt, of the University 
of Montana, has been appointed instructor in mathematics. 
Dr. H. GaasIk1An, has resigned his instructorship. 


Dr. H. B. Putturps, of the Massachusetts Institute of 
Technology, has been promoted to an assistant professorship 
of mathematics. 
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Mr. T. Dantzic has been appointed instructor in mathe- 
matics at the University of Indiana. 


Mr. C. E. Norwoop has been appointed assistant in 
mathematics at Dartmouth College. 


J. C. Wi1son, professor of logic at Oxford University since 
1889, died August 12, 1915. He was the author of “On 
Traversing Geometrical Figures,” published by the Clarendon 
Press in 1905. 


JoHNn Howarp VAN AMRINGE, emeritus professor of mathe- 
matics in Columbia University, died September 10, 1915, at 
the age of 80 years. He was an active member of the Co- 
lumbia faculty for fifty years preceding his retirement in 1910. 
In 1894 he became dean of the college. He was a founder and 
the first president of the New York Mathematical Society, 
since reorganized as the American Mathematical Society. 


Joun K. Srnciair, emeritus professor of mathematics in 
the Worcester polytechnic institute, died September 12, 1915. 


Proressor C. A. von Dracu, of the University of Mar- 
burg, died recently at Cassel in his seventy-sixth year. 


Proressor O. Simony, of the agricultural institute at 
Vienna, died April 6, 1915. 


ProFessor N. v. SONIN, minister of education and member 
of the Petrograd academy of sciences, died February 27, at 
the age of 66 years. 


Proressor A. WERNICKE, of the technical school at Braun- 
schweig, died March 30, at the age of 58 years. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Bacnera (G.). Lezioni di calcolo a Disp. 1-35. Palermo, 
tip. Matematica, 1914. 8vo. Pp. 1-280 

Batu (W. W. R.). Mathematical recreations —_ essays. 6th edition. 
New York, Macmillan, 1914. 8vo. 16+506 pp. $3.25 


Bauzin1 (A.). Il problema della quadratura dél circolo risoluto. Pisa, 
A. Macchi, 1915. 4to. 7pp.+3 tavole. 


Broce (H.). Ecuaciones integrales lineales. La Plata, 1914. 36 pp. 

Birzpercer (F.). Ueber bizentrische Polygone, Steinersche Kreis- 
und Kugelreihen und die Erfindung der Inversion. 2ter Teil. 
Zurich, 1914. 8vo. 27pp. 

CaRL Bas Zur Theorie der ebenen ahnlich-verinderlichen Systeme. 
(Diss.) Dresden, 1914. 

ENcYKLoPApIe der mathematischen Wissenschaften. Band III 2, 
Heft 5: G. Loria, Spezielle ebene algebraische Kurven von héherer 
als der vierten Ordnung. Leipzig, Teubner, 1915. Gr. 8vo. 
Pp. 571-634. M. 2.40 


Erer (H.). Metrische Relationen an den vollstandigen Figuren und 
am Kegelschnitt. Breslau, 1914. 


Fuss (H.). Modulsysteme und héhere komplexe kommutative Zahl- 
systeme. Kiel, 1913. 8vo. 70 pp. 

Greco (D.). La quadratura del cerchio. Maglie, tip. Messapica di 
B. Canitano, 1915. 8vo. 15 pp. 

Harms (F.). Die Transfiguration ebener Kurven von rechtwinkligen 
eartesischen auf A-normalen- und A-Strahlbiischelkoordinaten. 
Rostock, 1913. 8vo. 45 pp.+3 Tafeln. 

Hintzer (F.). Die durch einen Kreispunkt gehenden geoditischen 
peg auf dem elliptischen Paraboloid. Friedeberg, 1914. 4to. 

pp 

Jentzscu (R.). Untersuchungen zur Theorie der Folgen analytischer 
Funktionen. (Diss.) Berlin, 1914. 

Kisset (G.). Ueber den von den Trisektionslinien eines Dreiecks 
umhiillten Kegelschnitt. Giessen, 1913. 8vo. 50 pp. 

Laneuans (C.). Einfiihrung in die Differentialrechnung. Plén, 1914. 
8vo. 34 pp. M. 1.50 

Loria (G.). See ENcYKLOPADIE. 

MacMaunon (P. A.). Combinatory analysis. Vol. I. Come, 
University Press, 1915. 8vo. 19+300 pp. 

Meyer (C.). Ueber den ersten Differentialquotienten des cana: 
mischen Kurvenpotentials. Hamm, 1913. 8vo. 37 pp. 


Porrnor (R.). Eine von Lagebeziehungen unabhingige geometrische 
Beweismethode und deren Anwendung. Wanne,1914. 4to. 13 pp. 


Rupo.put (W.). Analytische Geometrie des Raumes in Verbindung 
mit darstellender Geometrie. 3ter Teil: Kreiskegel und Kreis- 
zylinder. Neumiinster, 1914. 4to. 29 pp.+11 Tafeln. 
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Srarke (P.). Die Apollonischen Sehnenvierecke des Dreiecks. Fey - 
zig, 1914. 4to. 28 pp. 


WINKLER (R.). die Bewegung affin-veranderlicher 
echn. Hochschule Dresden.) Borna-Leipzig, R. 
e, 


II. ELEMENTARY MATHEMATICS. 


Baxer (A. E.). Commercial arithmetic. Chicago, Metropolitan Text 
Book Co., 1912. $1.00 


Bounert (F.). Grundziige der ebenen Geometrie. Leipzig, Géschen, 
1915. 8vo. M. 2.80 


Brown (J. C.). Curricula in mathematics. (United States Bureau of 
Education Bulletin No. 619.) Washington, Government Printing 
Office, 1915. 91 pp. $0.10 


Cuapsey (C. E.) and Skinner (H. M.). Complete arithmetic. Boston, 
Atkinson and Mentzer, 1915. $0.65 


Harper (G. A.). See Newent (M. J.). 

Hysetmstev (J.). Geometrische Experimente. Aus dem Danischen 
iibersetzt von A. Rohrberg. Leipzig, Teubner, 1915. M. 2.40 

Lesser (O.). See Scuwas (K.). 

Lietzmann (W.). See Scuuster (M.). 


Lounert (K.). Untersuchungen iiber die Auffassung von Rechtecken. 
Leipzig, 1913. 8vo. 78 pp. 


LonGMANs explicit arithmetic. Londo 1915. 8vo. Pupils’ 
Book V, cloth, 5d. Teachers’ Book V, si 


Luman (J. A.). Practical 5th edition. 
Philadelphia, Peirce School, 1914. $1.40 


Newe.it (M. J.) and Harper (G. A.). Plane and solid aig 
Chicago, Row and Peterson, 1915. 


Pernt (M.). Ist das Rechnen nach Ferrol neu und vorteilhaft? prs 
kritische Wiirdigung und eine Anleitung zum Rechnen mit Migy- 
Wien, J. Eberle, 1915. M. 0.60 


Reeve (W. D.) and Scuoriine (R.). A review of high-school mathe- 
matics. Chicago, University of Chicago Press, 1915. 8vo. 10+ 
70 pp. Cloth. $0.40 


Roursere (A.). See (J.). 
ScHNEIDER (A.). See Scuwas (K.). 
Scnor.ine (R.). See Reeve (W. D.). 


Scuuster (M.). Geometrische Aufgaben und Lehrbuch der Geometrie 
nach konstruktiv-analytischer Methode, herausgegeben von W. 
Lietzmann. Ausgabe A, fiir Volkanstalten. iter Teil: Plani- 
metrie. 4te Auflage. Leipzig, Teubner, 1914. 158 pp. Dg 


Scuwas (K.) und Lesser (O.). Mathematisches Unterrichtswerk zum 
Gebrauch an Lehrer- und Lehrerinnenbildungsanstalten. Im Sinne 
der Meraner Lehrpline. iter Band: Lehr- und Uebungsbuch der 
Arithmetik und Algebra. Bearbeitet von A. Schneider. Leipzig, 
Freytag, 1915. M. 3.40 
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Scuwartz (A. J.). See Youne (J. W.). 
Sxrnner (H. M.). See Cuapsey (C. E.). 


WatseMANN (H.). Die Rechenkunst. Eine Anschauungs- und Denk- 
lehre der Zahl. 2te Auflage. Hannover—List, Meyer, 1913. 
335 pp. M. 3.89 


Wesster (J. H.). The Cambridge elementary arithmetics. Books I 
University Press, 1915. 3}d.to6d. Teachers’ 
00) Is 


and Scuwartz (A. J.) Plane geometry. New 
olt, 


Ill. APPLIED MATHEMATICS. 


Apter (A. A.). The theory of engineering drawing. edition, 
corrected. New York, Van Nostrand, 1915. 8vo. 107 318 PP. 


At-Kuwarizm1, MouaMMepD Musa. Die astronomischen Tafeln 
in der Bearbeitung des Maslama Ibn Ahmed Al-Madjzeti und der 
lateinischen Uebersetzung des Athelhard von Bath auf Grund der 
Vorarbeiten von A. Bjérnbo und R. Besthorn. Herausgegeben 
und kommentiert von H. Suter. Copenhagen, 1914. Lex. 8vo. 
284 pp. M. 10.00 


ASTRONOMISCHER Kalender 1915. MHerausgegeben von der k. k. 
Sternwarte zu Wien. 3te Folge. 5ter Jahrgang. Wien, Gerold, 
1915. 150 pp. Geb. M. 3.00 


Baent (T.). Teoria dei fenomeni collettivi. (Biblioteca 
del lavoro e degli affari per le scuole e per la vita.) Firenze, G. 
Barbéra (Alfani e Venturi), 1915. 16mo. 18+199 pp. L. 3.50 


Barsiert (A.). Poligonazione tacheometrica: norme pratiche per il 
rilevamento planimetrico delle linee poligonali e per il loro calcolo. 
(Manuali Hoepli.) Milano, Hoepli, 1915. 24mo. 11+246 


Bateman (H). The mathematical analysis of electrical and optical 
wave-motion on the basis of Maxwell’s equations. Cambridge, 
University Press, 1915. S8vo. 8+160 pp. 7s. 6d. 


Benz (N.). Dimostrazione matematica di un erroneo modo seguito 
per calcolare le semestralita. Acqui, S. Dina, 1915. 8vo. 15 pp. 


Bestuorn (R.). See 
Brrp (H. C.). Elements of descriptive geometry. Chester, Pa., Bird, 
1914. $1.15 


Bsérnso (A.). See At-KHWARIZMI. 
Bore. (E.). See 


Cuavumont (L.). Recherches expérimentales sur le phénoméne électro- 
optique de Kerr et sur les méthodes servant 4 l’étude de la lumiére 
polarisée elliptiquement. Paris, 1914. Gr. 8vo. 219 pp. 


CosseratT (E. and F.). See 


Desvus (H.). Die philosophischen Grundlagen des 
der Elektrodynamik. Bonn, 1913. 8vo. 55 pp . 1.80 
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Deckert (A.). Infinitesimalrechnung mit Anwendung auf Naturwissen- 
schaften und Technik. iter Teil: Differentialrechnung. Hildes- 
heim, 1914. M. 6.00 


Esrenrest (P. and T.) See 


Encyciopépie des sciences mathématiques pures et appliquées. Tome 
IV, volume 1, fascicule 1: Princi 7 la mécanique rationnelle, 
exposé d’aprés Varticle allemand de A. Voss par E. Cosserat et F. 
Cosserat; Mécanique statistique, cael d’aprés l’article allemand 
de P. Ehrenfest et T. Ehrenfest par E. Borel. Leipzig, Pere 
1915. Gr. 8vo. 6+290 pp. M. 11.00 


Forte (O.). Guida elementare alle esercitazioni di analisi chimica 
qualitativa. Napoli, G. Majo, 1915. 16mo. 76 pp. L. 2.00 


Gans (R.). Estados correspondientes del magnetismo con una apli- 
cacién a la teoria del teléfono. Te Plata, 1914. 


Gerrans (H. T.). See Mincuin (G. M.). 


GoopMan (J.). Mechanics applied to engineering. 8th edition. 
London and New York, Longmans, 1915. 5 Cr. 8vo. wikia, 


GrossMANN (M.). Darstellende Geometrie. (Leitfaden fiir den mathe- 
matischen und technischen Hochschulunterricht.) Leipzig, ee 
ner, 1915. 8vo. 6+138 pp. Cloth. M. 2.80 


HacemMann (W.). Ueber die Oberflichenspannung geschmolzener 
Metalle. Freiburg, 1914. 8vo. 48 pp.+4 Tafeln. M. 1.50 
Hart (I. es Elementary experimental statics. London, Dent, 1915. 
8vo. 7+200 pp. 2s. 6d. 
Hiss (R.). Ueber die zeitliche Aenderung an Spannung reiner Fliissig- 
keitsoberflichen. Heidelberg, 1913. 8vo. 48 pp. 
Hovuspen (C. E.). New time savers in hydraulics and earthwork. 
London, Longmans, 1915. 3s. 
Hueues (A. L.). Die Lichtelektrizitat. Deutsch von M. Iklé. Leip- 
zig, 1915. M. 5.60 
IcHAK ey. Das Perpetuum mobile. (Aus Natur und Geisteswelt, 
Band 462.) Leipzig, Teubner, 1914. M. 1.25 
(M.). See Huaues (A. L.). 


Kiune (E. E.). Definitive Bahnbestimmung des Kometen 1892 I 
die Oskulationsepoche 1892 Marz 21.0. Leipzig, 1$13. 
to. pp. 


LEHMANN (P.). Die verinderlichen Tafeln des astronomischen und 


chronologischen Teils des Preussischen Normalkalenders fiir 1915. 
Berlin, 1915. Gr. 8vo. 5+135 pp. M. 6. 


Léwe (S.). Ueber die erreichbare Genauigkeit der Widerstandsmessung 
in Hochfrequenzkreisen. Jena, 1913. 8vo. 60 pp. M. 2.00 


Mincuin (G. M.). A statics. Vol. II: Non-coplanar forces. 
5th edition, revised by H. T. Gerrans. Oxford, Clarendon Press, 
1915. 8vo. 8-+369 pp. 10s. 6d. 


Mier (F. J.). Johann Georg von Soldner der Geodit. (Diss., 
Techn. Hochschule Miinchen.) Miinchen, 1914. 
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Poske (F.). Didaktik des physikalischen Unterrichts. (Didaktische 
Handbiicher fiir den istischen Unterricht an héheren Schulen, 
Band 4.) Leipzig, Teubner, 1915. Gr. 8vo. Geb. M. 12.00 


Russet (A.). Treatise on the theory of alternating currents. Vol. I. 
2d edition. Cambridge, University Press,1915. 8vo. 14+534 RP. 


Scuorr (R.). Die Hamburgische Sonnenfinsternis-Expedition 
(Algerien) im August, 1905. 2ter Teil. Hamburg, 


aaa 7 E.). Elements of hydraulics. New York, McGraw-Hill, 
1915. $2.50 


Suter (H.). See 


Townsend (J. 8.). in gases. Oxford, Clarendon 
1915. S8vo. 16+496 


Turrie (L.). An to laboratory physics. 
Jefferson Laboratory of Physics, 1915. 12mo. 150 pp. — a 


ViewEceER (H.). Aufgaben und Lésungen aus der Gleich- und Wechsel- 
stromtechnik. Ein Uebungsbuch fiir den Unterricht an technischen 
Hoch- und Fachschulen, sowie zum Selbststudium. 4te verbesserte 
Auflage. Berlin, 1914. M. 7.00 


Voss (A.). See 
Wenner (P.). Ein graphisches Ausgleichungsverfahren und dessen 


Anwendung auf astronomische Aufgaben. Heidelberg, 1913. 8vo. 
39 pp.+2 Tafeln. M. 2.50 


Weyres (T.). Parallaxen von 8 Fixsternen abgeleitet mit dem unper- 
sdénlichen Uhrwerkmikrometer am einen Meridiankreis der 
Sternwarte zu Heidelberg. Heidelberg, 1914. 4to. 27 Pp. — 


WITTENBAUER (F.). Aufgaben aus der technischen Mechanik. Band I. 
— Teil. 3te vermehrte und verbesserte Auflage. ead 
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